Abstract. We prove some nonexistence results of self-similar singular solutions for the surface quasi-geostrophic equation and its generalization by relying on the fundamental local L p -inequality of the self-similar quantity.
Introduction
In this paper we focus on the following generalized surface quasi-geostrophic equation:
(1.1)
where [1, 2] are pseudo-differential operators which generalize the usual Riesz transform. When γ = 1, (1.1) is just the surface quasi-geostrophic equation which arises from the geostrophic fluids and is viewed as a two-dimensional model of the 3D Euler system (cf. [7, 12] ). When γ = 2, (1.1) corresponds to the classical 2D Euler equations in vorticity form. (1.1) in the case 1 < γ < 2 is the intermediate toy model introduced by Constantin et al. [6] .
It is well-known that the 2D Euler equations preserve the global regularity for the smooth data (e.g. [1, 15] ) by using the L ∞ -norm conservation of θ, while for the SQG equation and its generalization with 1 ≤ γ < 2, although they are of very simple form and have been intensely studied, it still remains open whether the solutions blow up at finite time or not.
The equation (1.1) is invariant under the scaling transformations that for α > −1,
We say a solution is self-similar if θ = θ λ for all λ > 0. The self-similar blowup singularity is an important scenario that may occur in the evolution of θ and is the main concern in this note. More precisely, we assume there exists (t * , x * ) ∈ R + ×R 2 such that the solution θ develops a self-similar singularity at (t * , x * ) of the form
for all x ∈ R 2 and 0 < t < t * . In terms of the profile function Θ = θ| t=1 , we formally get
The finite time singularity of self-similar type has been studied for many nonlinear evolution equations, and one can see the recent review paper [11] , especially; we refer to [3, 8, 14] and references therein for the nonexistence results of selfsimilar solutions for the 3D Euler equations. For the general transport equation (1.1), Chae in [3] proved that there exists no nontrivial self-similar solution ( 
, which has infinite energy, and constructed self-similar blowup solutions to the reduced equation of f (t, x 1 ) for any α > −1.
In this short paper, being different from [3] , we show the nonexistence results for self-similar solutions by relying only on the intrinsic local L p -inequality of Θ, and also give some insight on the further study of the self-similar blowup problem. Our first result is as follows.
Moreover, for
As a corollary of the upper theorem, we have the following excluding result for all of the range of α.
and they all tend to If
, then due to the structure of nonlinearity, we a priori have
, by interpolation we find that
Noting that
and from (1.7), we necessarily have
The scenario (1.6) and (1.8) for α > 0 can be excluded by Corollary 1.2, while for 1 < γ ≤ 2 and 1 − γ < α ≤ 0, by using the local L p -inequality with p ∈]
Then we have Θ ≡ U ≡ 0.
As mentioned above, the starting point of the argument in showing Theorem 1.1 and Proposition 1.3 is the local L p -inequality of Θ (2.2). By appropriately choosing the numbers m 1 , m 2 in (2.2), and from the integrable and asymptotic assumptions of Θ and U , we can use the iteration method to show |y|≤M |Θ(y)| p dy → 0 as M → ∞, which implies Θ ≡ 0. We also notice that (2.2) is derived from the local L p -equality of θ (2.1), which in turn can be ensured for the weak solution θ under
) (one can refer to [4] for a less regular assumption to guarantee (2.1)). 2 ) and (1.9) is satisfied, then there are no nontrivial self-similar solutions for any α > −1. This is consistent with Yudovich's classical result (cf. [15] ) that the 2D Euler system has a global unique solution for the initial data with bounded vorticity and finite energy (equivalently, θ 0 ∈ L ∞ ∩Ḣ −1 (R 2 )). But for the equation (1.1) in the case 1 ≤ γ < 2, there is still a possibility to have nontrivial self-similar singular solutions for some
In particular, this excludes the scenario that Θ has the decaying asymptotics, but it remains open for the case that Θ has nondecaying asymptotics, for instance, the scenario from (1.6) that
A similar problem also holds for the 3D Euler system, and since what we can rely on is just the L 2 -energy conservation of velocities, it leaves open more scenarios for the corresponding self-similar solutions, e.g. the scenario that the self-similar velocities for each 0 < α < License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use is the Hilbert transform. It is known that the Burgers equation forms the finitetime shock singularity, while for the CCF equation, it was proved in [9] that some solutions develop the cusp singularity at finite time. The authors in [10, 11] moreover considered the structures of such singularities for the Burgers and CCF equations to find that the singularities are of self-similar type with some indexes in the range −1 < α < 0. Despite being in a different setting, this is compatible with our results above and suggests that the scenarios like (1.10) are potentially serious cases to be further considered.
The outline of this paper is the following: we prove Theorem 1.1 in Section 2, and we present the proofs for Corollary 1.2 and Proposition 1.3 in Section 3.
Proof of Theorem
The first basic assumption is that the solution θ is regular enough to satisfy the local L p -equality (1 < p < ∞):
where χ ∈ C ∞ c (R + × R 2 ) and 0 < t 1 < t 2 < t * . This can be guaranteed by the
). With no loss of generality, we assume that x * = 0 and t * = 1. Let φ(x) = φ(|x|) be a radial smooth test function such that 0 ≤ φ ≤ 1, φ(x) ≡ 1 for 0 ≤ |x| ≤ 1 2 , and φ(x) ≡ 0 for |x| > 1. Let χ = φ; then (2.1) becomes
According to (1.2), we see that
By denoting m i = (1−t i )
and integrating on the t-variable in the last integral, we get that for all 0 < m 1 
|Θ(y)|
Indeed, for a large number K 1 and m 2 > K, by the Hölder inequality we have
Passing m 2 to ∞ and then K to ∞, the claim is followed. Now (2.2) reduces to the following form (by choosing m 1 /2 = M ):
From the Hölder inequality, Calderón-Zygmund inequality and Hardy-LittlewoodSobolev inequality, we get
with r the index such that
Clearly, if a q < 0, that is, q < 2(p+1)/γ, we conclude the proof by passing M → ∞. Otherwise, by interpolation, we get
In order to control the growth of the nonlocal term
, we have the following lemma. 
we have the splitting For I, from the Calderón-Zygmund inequality and Hardy-Littlewood-Sobolev inequality, we get
For II, by the dyadic decomposition, we find that
Gathering the upper estimates leads to the desired result.
Now from (2.5) and (2.7), we treat (2.3) as follows:
where we have used the fact that 3−p(α+γ
If a qbq − 1 < 0, then the proof is over. Otherwise,
Once again we have Sinceb q < 1, by choosing N large enough, the power of M will be negative, which yields Θ ≡ 0. Then we consider the case α > 
where r is the index such that 
